Abstract. The Torsion Anomalous Conjecture states that an irreducible variety V embedded in a semi-abelian variety contains only finitely many maximal V -torsion anomalous varieties. In this paper we consider an irreducible variety embedded in a produc of elliptic curves. Our main result provides a totally explicit bound for the Néron-Tate height of all maximal V -torsion anomalous points of relative codimension one, in the non CM case, and an analogous effective result in the CM case. As an application, we obtain the finiteness of such points. In addition, we deduce some new explicit results in the context of the effective Mordell-Lang Conjecture; in particular we bound the Néron-Tate height of the rational points of an explicit family of curves of increasing genus.
Introduction
In this article, by variety we mean an algebraic variety defined over the algebraic numbers. Equivalently, a variety X is defined by polynomials with coefficients in a number field k, however k will not play any role in our theorems. In addition, we identify X = X(Q).
Let G be a semi-abelian variety. A subvariety V ⊆ G is a translate, respectively a torsion variety, if it is a finite union of translates of proper algebraic subgroups of G by points, respectively by torsion points.
An irreducible variety V ⊆ G is transverse, respectively weak-transverse, if it is not contained in any translate, respectively in any torsion variety.
Many important classical results such as, for instance, the Manin-Mumford, the Mordell-Lang, the Bogomolov Conjectures, nowadays theorems, and many open problems, such as the Zilber-Pink Conjecture, investigate the relationship between these geometrical definitions and the arithmetical properties of the variety V .
Recently E. Bombieri, D. Masser and U. Zannier in [BMZ07] introduced the notions of anomalous and torsion anomalous varieties and formulated some general conjectures. Following their work, we give the definition of torsion anomalous varieties. However, unlike [BMZ07] , we allow torsion anomalous varieties to be zero dimensional. Like this, we can simplify the formulation of several statements.
Let V be a subvariety of a semi-abelian variety G. We say that an irreducible subvariety Y of V is a V -torsion anomalous variety if (i) Y is an irreducible component of V ∩ (B + ζ) with B + ζ an irreducible torsion variety of G; (ii) the dimension of Y is larger than expected, i.e. the codimensions satisfy codim Y < codim V + codim B.
It is proven in several works that, if the height of a set of maximal torsion anomalous points is bounded, then such a set is also finite. So when dealing with points, the obstruction to the TAC is due only to the lack of bounds for their height. This leads us to state the following natural extension of the Bounded Height Conjecture (BHC), formulated by Bombieri, Masser and Zannier [BMZ07] .
Conjecture (BHC'). For an irreducible variety V in a semi-abelian variety, the set of maximal V -torsion anomalous points has bounded height.
Like above, if V is not weak-transverse then there are no maximal V -torsion anomalous points, because they are all contained in V , which is itself V -torsion anomalous.
Some relevant results in this context are due to Habbeger (see [Hab09.a] and [Hab09.b]). His theorems imply the BHC' in tori and abelian varieties, but only for the V -torsion anomalous points not contained in any V -anomalous variety. This condition is stronger than being maximal. In particular for varieties that do not satisfy a geometric condition even stronger than transversality his theorems are saying nothing (in his notations the set V oa is the empty set). In addition, his results are not effective. Effective theorems are essentially only known for transverse curves in tori and in products of elliptic curves.
In [CVV14] the authors prove the BHC', but only for V -torsion anomalous points of relative codimension one when V is a subvariety of a power of an elliptic curve with CM. The method is effective, however the use of a Lehmer type bound is a deep obstacle when trying to make the result explicit and such a bound is not known in the non CM case.
In this article we are concerned with subvarieties of a power of an elliptic curve, regardless of whether it has CM. From now on the ambient variety G will be E N , where E is an elliptic curve defined over the algebraic numbers, embedded in P 2 via its Weierstrass equation, and N is a positive integer. We consider on E N the canonical Néron-Tate height, denotedĥ.
The aim of this article is twofold:
• We prove the BHC' and the TAC, for maximal V -torsion anomalous points of relative codimension one. Our method is completely effective.
• In the non CM case, we make our proof explicit, computing all constants and obtaining the only known bounds. The importance of giving an explicit result is due, for instance, to the implications on the Effective Mordell-Lang Conjecture specified below. More generally, it is well known that an effective TAC implies the Effective Mordell-Lang Conjecture, which has a strong impact in mathematics and it is only known for curves in a torus.
Our main result is: Theorem 1.1. Let V be an irreducible variety embedded in E N . Then the set of maximal V -torsion anomalous points of relative codimension one has effectively bounded Néron-Tate height. If E is non CM the bound is explicit, we havê
where
ω r = π r/2 /Γ(r/2 + 1) is the volume of the euclidean unit ball in R r , h(V ) is the normalised height of V and h W (E) is the height of the Weierstrass equation of E (see Section 2.2 for the definitions).
The bound of Theorem 1.1 does not depend on the field of definition of V , unlike other bounds in similar contexts. This is central for our applications.
The structure of the proof of Theorem 1.1 does not distinguish CM from non CM elliptic curves. The constants can be computed also in the CM case, however further technical complications due to the structure of the endomorphism ring of E would make the presentation less clear. For simplicity, we prefer to give the explicit computation only in the non CM case.
In [Via09] Theorem 1.1 (and a remark at page 1220 for the CM case), E. Viada proved, that on a weak-transverse variety V ⊆ E N , the maximal V -torsion anomalous points of bounded height are finitely many. Since there are no maximal V -torsion anomalous points if V is not weak-transverse, we immediately deduce the following special case of the TAC. Corollary 1.2. An irreducible subvariety V of E N contains only finitely many maximal V -torsion anomalous points of relative codimension one.
As an application of our main theorem we obtain new explicit results in the context of the Effective Mordell-Lang Conjecture. In the setting of abelian varieties, the only known effective methods for the Mordell-Lang Conjecture are the Chabauty-Coleman method (see [PM10] ) and the Manin-Demjanenko method (see [Ser89] , Chapter 5.2). Both methods are quite difficult to apply; for some of the few explicit applications, see [PM10] and [Kul99] .
In Section 4 we prove the following explicit theorem on points of rank 1; the rank of a point in E N is the rank of the subgroup of E generated by its coordinates.
Theorem 1.3. Let N ≥ 3 and let C ⊆ E N be a weak-transverse curve. The set of points P ∈ C of rank ≤ 1 is a set of Néron-Tate height effectively bounded. If E is non CM, we have that
where C 1 (N ), C 2 (E, N ), C 3 (E, N ) are the same as in Theorem 1.1. If C is a transverse curve in E 2 , then the set of points P ∈ C of rank ≤ 1 is a set of Néron-Tate height effectively bounded. If E is non CM, we have that
In particular, in both cases, if k is a field of definition for E and E(k) has rank 1, then all points in C(k) have Néron-Tate height effectively bounded as above.
The assumption N ≥ 3 is necessary for weak-transverse curves. Indeed any weaktransverse translate of E 2 (for example E × p with p not a torsion point) contains infinitely many points of rank 1 and of unbounded height (in the example the points ([n]p, p) for all natural n).
Finally, we give explicit bounds in a specific family of curves. This example is particularly interesting as it gives, at least in principle, an algorithm to find all their rational points. Let E be the elliptic curve defined by the equation y 2 = x 3 + x − 1; the group E(Q) has rank 1 with generator g = (1, 1) (see Section 5). We write
2 , using affine coordinates (x 1 , y 1 ) × (x 2 , y 2 ). We have the following theorem, proved in Section 5. Theorem 1.4. Let E be the elliptic curve defined above, and consider the family of curves {C n } n with C n ⊆ E 2 defined via the additional equation x n 1 = y 2 . Then for every n ≥ 1, if P ∈ C n (Q) we havê h(P ) ≤ 8.253 · 10 38 (n + 1) Our explicit results cannot be obtained with the method used in [CVV14] , because the Lehmer type bound is not known in the non CM case and anyway there are no published proofs that such a bound is effective. The available proof could possibly be made explicit, but to get reasonable bounds it would be necessary to avoid the use of a complicated descent argument, using instead a much simpler induction, as done for tori by Amoroso and Viada in [AV12] . Nevertheless, even with such improvements, the constants so obtained would be far from being optimal. Probably the dependence on the dimension N could not be improved further than N N N , which is of one exponential more than our bound.
We now briefly describe the proof-strategy of our main result. The proof of Theorem 1.1 relies on an approximation process. Let P be a point as in Theorem 1.1; in particular P is a component of V ∩ (B + ζ) for some torsion variety B + ζ. We will replace B + ζ with an auxiliary translate of the form H + P in such a way that P is still a component of V ∩ (H + P ), and the degree and height of H + P can be controlled in terms ofĥ(P ). Using the properties of the height functions, we can in turn control the height of P in terms of the height and degree of H + P itself, and combining carefully these inequalities leads to the desired result.
This construction has been introduced in tori by Habegger [Hab08] , Lemma 5. When adopting this strategy for subvarieties of a power of an elliptic curve several complications arise in computing degrees and heights. While the degree of a subtorus can be easily related to the associated matrix, to compute the degree of a subvariety of E N , it is necessary to fix an embedding of the ambient variety in a projective space and to study how geometrical and arithmetical objects behave under this embedding. This is done in Section 6. Concerning heights, to make the results explicit, we need to work with different heights functions and use explicit versions of several bounds relating the height functions on E N and those in the projective spaces P N 2 and P m . Furthermore, we need to adapt and simplify some of the arguments in [Hab08] , in order to keep the constants as small as possible. This is done in Section 7.
The following is an outline of the content of the different sections of this paper. In Section 2 we recall some classical results such as the Arithmetic Bézout Theorem, the Zhang Inequality and the Minkowski Theorem. We also present the geometrical setting and we give explicit bounds relating different height functions. Moreover, we recall the correspondence between algebraic subgroups of E N and matrices with coefficients in End(E).
In Section 3 we give the structure of the proof of Theorem 1.1 while postponing to Sections 6 and 7 the proof of the technical step.
In Section 4 we give the proof of Theorem 1.3 and in Section 5 we prove Theorem 1.4.
In Section 6 we compute explicit bounds for the degree of the rational functions that represent morphisms from E N to E. In Section 7, for a torsion anomalous point P of relative codimension one, we give the construction of the auxiliary translate H + P , showing how to bound its height and degree.
Embeddings, heights and algebraic subgroups
Let E be an elliptic curve without complex multiplication. We fix a Weierstrass equation
with A and B algebraic integers (this hypothesis is not restrictive). As usual, we define
In this section we give explicit bounds for embeddings of varieties in the projective space. In Subsection 2.1 we compute the degree of E N as a subvariety of P 3 N −1 , via the Segre embedding. In Subsection 2.2, we define several height functions, state their relevant properties and give explicit bounds between different heights. We also recall the Arithmetic Bézout Theorem and the Zhang Inequality. In Subsection 2.3 we recall the relations between algebraic subgroups and matrices, degrees and minors.
2.1. Segre embedding. Let us consider the composition of maps
where (x i , y i ) are the affine coordinates of X i in the Weierstrass form of E. The second map is the Segre embedding. When computing heights and degrees of points and subvarieties, we will think them as embedded in P 3 N −1 via the previous map.
The degree of a variety V ⊆ P m , in particular, is the maximal cardinality of a finite intersection V ∩ L, with L a linear subspace of dimension equal to codim V , the codimension of V . This degree is often conveniently computed as an intersection product.
Let X(E, N ) be the variety in P 3 N −1 identified with E N via the Weierstrass form and the Segre embedding. The following lemma computes its degree.
Lemma 2.1. Let us denote by c 1 (N ) the degree of X(E, N ). Then
Proof. We can compute this degree by means of the intersection product in P N 2 . By definition, the degree of X(E, N ) is obtained intersecting it with N hyperplanes in general position in P 3 N −1 , and computing the degree of the cycle thus obtained in the Chow ring. Let l be the class of a line in the Picard group of P 2 , and l i its pullback π * i (l) through the projection π i : P N 2 → P 2 on the i-th factor. Then the Chow ring of P N 2 is described as
The class of a hyperplane of P 3 N −1 restricts to the element l 1 + · · · + l N , and the class of E N is easily seen to be (3l 1 ) · · · (3l N ). The desired intersection is therefore
and the statement follows.
2.2. Heights. We need to work with different height functions. These height functions are all related to one another by effective relations. Making these relations explicit for applications is sometimes a delicate task. In this section, based on the work of Silverman and Zimmer, we are going to make explicit the constants that we will need.
Let M K be the set of places of a number field K. For a point P = (P 0 : · · · :
be the logarithmic Weil height, and let
be a modified version of the height that differs from the Weil height at the archimedean places. They are both well-defined, they extend to Q and it follows easily from their definitions that
For an algebraic number x ∈ K, the logarithmic Weil height (for short Weil height) h(x) is the logarithmic Weil height of the projective point (x : 1) ∈ P 1 . We also denote h ∞ (x) the contribution to the Weil height coming from the archimedean places, namely:
For a point P on E,ĥ(P ) is the canonical Néron-Tate height, which is related to the Weil height of the x coordinate of P by the following bound ([Sil90], Theorem 1.1):
To relateĥ(P ) and the Weil height of the point P , we define the Weil height of the
as the Weil height of the projective point (1 : A 1/2 : B 1/3 ) ∈ P 2 . Then by [Zim76] , p. 40, we have
For a point P = (P 1 , . . . , P r ) ∈ P d1−1 × · · · × P dr−1 we define h(P ) and h 2 (P ) applying formulae (2) and (3) to the image of P in P d1···dr−1 via the Segre embedding. With these definitions the following relation holds:
For a point P = (P 1 , . . . , P r ) ∈ E r , the canonical heightĥ(P ) is the sum
In particular, combining (6) with (4) we get that for every point P ∈ E N we have
From (4) and (6), for every point P of E N we also have
For a subvariety V ⊆ P m we consider the normalised height of V , denoted h(V ), defined in terms of the Chow form of the ideal of V , as done in [Phi91] and [Phi95] . We remark that, with this definition, the height of a point P regarded as a 0-dimensional variety is equal to the height h 2 (P ) previously defined, which is not equal, in general, to the Weil height of the point. To avoid confusion, we will always write h 2 (P ) to denote the height of the variety {P }.
We end this subsection by recalling two classical results on the normalised height, the Arithmetic Bézout Theorem and the Zhang Inequality.
Theorem 2.2 (Arithmetic Bézout Theorem). Let X and Y be irreducible closed subvarieties of P m defined over Q. If Z 1 , . . . , Z g are the irreducible components of
For the constant
Theorem 2.3 (Zhang's inequality). Let X ⊆ P m be an irreducible algebraic subvariety. Defining the essential minimum of X as
we have
We also define a different essential minimum for subvarieties of E N , that will be used in Subsection 7.2, aŝ
By (8) and (10), these two definitions are related by the inequality
where the constants c 2 (E, N ) and c 3 (E, N ) are defined in (9) and (11) respectively.
2.3. Algebraic Subgroups. In this subsection we present the relationship between several different descriptions of the algebraic subgroups of E N . Before explaining it in detail, we need to recall some classical tools in the geometry of numbers. Let r and N be positive integers, with r ≤ N , and let Λ be a lattice of rank r in R N . We define the determinant of Λ as det Λ = det(M M t ), where M ∈ Mat r×N (R) is any matrix whose rows form a basis of Λ. We also define the successive minima λ i of Λ as
where B t is the euclidean ball or radius t centered at the origin.
The following theorem by Minkowski plays an important role in this setting.
Theorem 2.4 (Minkowski's second theorem). Let Λ be a lattice of rank r. Then
where the λ i 's are the successive minima of Λ and
is the volume of the euclidean unit ball in R r (here Γ denotes the Euler Γ function).
It is well known that abelian subgroups of codimension r, matrices of rank r in Mat r×N (End(E)), and lattices of rank r in (End(E)) N are essentially representations of the same objects up to some torsion subgroup; analogously, their degree, minors and successive minima can be related up to constants.
In more detail, let B + ζ be an irreducible torsion variety of E N of codimension codim B = r and let π B : E N → E N /B be the natural projection. We know that E N /B is isogenous to E r ; let ϕ B : E N → E r be the composition of π B and this isogeny.
We associate B with the morphism ϕ B and we have that ker ϕ B = B + τ with τ a torsion subgroup whose cardinality is absolutely bounded (by [MW93] Lemma 1.3). Obviously ϕ B is identified with a matrix in Mat r×N (End(E)) of rank r. Using basic geometry of numbers, we can choose the matrix representing ϕ B such that the degree of B is essentially the product of the squares of the norms of the rows of the matrix.
More precisely, given B ⊆ E N an algebraic subgroup of rank r, we associate it with a matrix in Mat r×N (End(E)) with rows u 1 , . . . , u r such that the euclidean norm |u i | of u i equals the i-th successive minimum of the lattice Λ = u 1 , . . . , u r Z . In Subsection 7.3 we show that there is a constant c 4 (N, r) such that
and, when E is non CM, we have
Combining bound (14) and Minkowski's theorem one can relate the degree of an algebraic subgroup and the determinant of the associated lattice (i.e. the lattice generated by the rows of the associated matrix); when the curve E is non CM the following explicit bound holds:
where c 4 (N, r) is given above.
The main result
In this section we give the proof of our main result, which is Theorem 1.1 of the Introduction. The constants that we obtain are always effective and also explicit in the non CM case.
The proof of our main theorem is based on the following idea: given a point P ∈ E N which is contained in a torsion variety of dimension 1, we construct, by means of the geometry of numbers, another abelian subvariety H ⊆ E N of dimension 1 so that the degree deg H and the height of the translate H + P are both well controlled. An application of the Arithmetic Bézout Theorem, recalled in Subsection 2.2, leads then to the end of the proof. We will show in the technical Section 7 how to construct the auxiliary algebraic subgroup H; in order to compute all the constants explicitly we need several pages of careful computations, which we have collected in Section 6.
The overall construction of the auxiliary algebraic subgroup H is summarised in the following propositions, whose proofs are postponed to Section 7.
Proposition 3.1 (Non CM Case). Let E be a non CM elliptic curve and let 1 ≤ m ≤ N be integers. Let P = (P 1 , . . . , P N ) ∈ B ⊆ E N , where B is a torsion variety of dimension ≤ m. Say s is an integer with 1 ≤ s ≤ N and T ≥ 1 a real number.
Then there exists an abelian subvariety H of codimension s such that
Here ω r = π r/2 /Γ(r/2 + 1) is the volume of the euclidean unit ball in R r , and
Proposition 3.2 (CM Case). Let E be a CM elliptic curve and let 1 ≤ m ≤ N be integers. Let P = (P 1 , . . . , P N ) ∈ B ⊆ E N , where B is a torsion variety of dimension ≤ m. Say s is an integer with 1 ≤ s ≤ N and T ≥ 1 a real number.
deg(H + p) ≤ c 9 T, where c 7 , c 8 , c 9 are effective positive constants depending only on the integers N, m, s, the ring End(E) and the height h W (E) (defined in Section 2.2).
We now show how to deduce Theorem 1.1 from Propositions 3.1 and 3.2.
Proof of Theorem 1.1. If N = 2, then the codimensional inequality (ii) at page 1 tells us that the only V -torsion anomalous points are the torsion points contained in V , which have height zero. We can now assume that N ≥ 3.
The point P is a component of the intersection V ∩ (B + ζ), where B + ζ is a torsion variety of dim B = 1.
Assume first that E is non CM. Let T be a free parameter that will be specified later; we apply Proposition 3.1 to P , T , m = 1 and s = N − 1. This gives a translate H + P of dimension dim(H + P ) = 1, of degree bounded in terms of T and such that h(H + P ) is bounded solely in terms of deg H andĥ(P ).
Explicitely, if T 1/(N −1)ĥ (P ) + c 12 (E, N )T. We want to prove that P is a component of V ∩ (H + P ). If not, then H + P ⊆ V because dim(H + P ) = 1. In addition dim(B + H + ζ) ≤ 2, as dim B = 1. Since N ≥ 3, the torsion variety B + H + ζ is proper. Thus H + P ⊆ V ∩ (B + H + ζ) would be V -torsion anomalous, contradicting the maximality of P .
This means that P is a component of V ∩ (H + P ). In order to bound the height of P we can apply the Arithmetic Bézout Theorem to the irreducible varieties V and H + P . We have (16)
We now choose
, so that the coefficient ofĥ(P ) at the right-hand side of (16) becomes 3(N − 1)/N . Recall that by (8)ĥ
where c 2 (E, N ) is the explicit constant in (9) depending only on the coefficients of E and on N . Then we get
and hencê
which is the desired bound forĥ(P ). This concludes the proof of the non CM case. Notice that the application of Proposition 3.1 is the only point in the proof where it is required that E is non CM. Therefore the same argument, with the use of Proposition 3.2 instead of Proposition 3.1, proves the result in the CM case.
An application to the Effective Mordell-Lang Conjecture
We now clarify the implications of our theorems on the Effective Mordell-Lang Conjecture, proving Theorem 1.3 from the introduction.
Proof of Theorem 1.3. The last part of the theorem is a direct consequence of the first part. Indeed if E(k) has rank 1, then all points in C(k) have rank at most one.
We now prove the first part of the theorem. The points of rank zero are exactly the torsion points; for these points the bound is trivially true because their height is zero.
Consider first the case that C is weak-transverse and N ≥ 3. Let P = (P 1 , . . . , P N ) ∈ C be a point of rank 1 and let g ∈ E be a generator of Γ P = P 1 , . . . , P N Q . Then the coordinates of P satisfy a i P i = b i g for some a i = 0 and b i in Z. Since P is not a torsion point, at least one of the b i must be different from zero; let's say that b 1 = 0. Then P lies on the algebraic subgroup B in E N given by the intersection of the N − 1 algebraic subgroups of equations a i b 1 X i = a 1 b i X 1 for i = 2, . . . , N .
Note that the matrix of coefficients has obviously rank N − 1, so the dimension of B is one.
Since C is weak-transverse, P is a component of C ∩ B; thus for N ≥ 3 P is C-torsion anomalous and it has relative codimension 1. In addition, on weaktransverse curves all torsion anomalous points are maximal; thus P is a maximal C-torsion anomalous point of relative codimension 1. We can now apply Theorem 1.1 to V = C to obtain the height bound, thus concluding the case of N ≥ 3.
For N = 2, the previous argument cannot be directly applied, indeed a point of rank 1 is never torsion anomalous in E 2 . We now show how to reduce the case of a transverse curve C ⊆ E 2 to the previous case. Let P = (P 1 , P 2 ) ∈ C be a point of rank 1 and let g ∈ E be a generator of Γ P = P 1 , P 2 Q . Fix a positive real ε, and choose an integer M such that εM 2 ≥ĥ(g) deg(C). Let Q M be a point in E such that M Q M = g; by our choice of M we have that
M is a point of rank 1 and
. By Zhang's inequality and (12) we have
where the constant c 2 (E, 3) is defined in (9) and c 3 (E, 3) in (11).
To boundĥ(P ′ M ) and in turnĥ(P ), we apply the first part of the theorem to C ′ M ∈ E 3 , obtaining:
Clearly the point P does not depend on the initial choice of ε and, letting ε go to zero, we get the desired bound for the height.
Rational points on an explicit family of curves
We now give an explicit method to find, in principle, all rational points on a family of curves in a power of a non CM elliptic curve.
Let E be the elliptic curve defined by the Weierstrass equation
With an easy computation one can check that ∆(E) = −496,
in particular the curve is non CM because j(E) ∈ Z. Furthermore the group E(Q) has rank 1 with generator g = (1, 1) and no non-trivial torsion points; this can be checked on a database of elliptic curve data (such as http://www.lmfdb.org/EllipticCurve/Q). The Néron-Tate height of the generator g can be bounded from below, computationally, as
(we used dedicated software (PARI/GP) which implements an algorithm with sigma and theta functions due to Silverman).
As an application of our main result we give the proof of Theorem 1.4, which is an example of the explicit Mordell Conjecture for a family of curves in E 2 of increasing genus and degrees. We recall the definition of the curves from the introduction. We write
2 + x 2 − 1 for the equations of E 2 in P 2 2 , using affine coordinates (x 1 , y 1 ) × (x 2 , y 2 ) and we consider the family of curves {C n } n with C n ⊆ E 2 defined via the additional equation x n 1 = y 2 . Proof of Theorem 1.4. To prove the theorem we first show that the curves C n are irreducible and transverse in E 2 and then we apply Theorem 1.3 with N = 2 and E(Q) of rank 1, computing all invariants of the case.
The irreducibility of the C n is easily seen to be equivalent to the primality of the ideal generated by the polynomials y Notice that in E 2 the only irreducible curves that are not transverse are translates, so curves of genus one. Thus, we need to show only that each C n has genus at least 2; in fact we prove that C n has genus 4n + 2.
Consider the morphism π n : C n → P 1 given by the function y 2 . The morphism π n has degree 6n, because for a generic value of y 2 there are three possible values for x 2 , n values for x 1 , and two values of y 1 for each x 1 .
Let α 1 , α 2 , α 3 be the three distinct roots of the polynomial f (T ) = T 3 + T − 1; let also β 1 , β 2 , β 3 , β 4 be the four roots of the polynomial 27T 4 + 54T 2 + 31, which are the values such that f (T ) − β 2 i has multiple roots. Notice that none of the α i can be equal to the β j because they have different degrees.
The morphism π n is ramified over β 1 , β 2 , β 3 , β 4 , 0, α n 1 , α n 2 , α n 3 , ∞. Each of the points β i has 2n preimages of index 2 and 2n unramified preimages. The point 0 has 6 preimages ramified of index n. The points α n i have 3 preimages ramified of index 2 and 6n − 6 unramified preimages. The point at infinity is totally ramified.
By Hurwitz formula
Thus the family {C n } n is a family of transverse curves in E 2 . We can therefore apply Theorem 1.3 with N = 2 to each C n , which gives, for P ∈ C n (Q) (18)ĥ(P ) ≤ 2.364 · 10 34 h(C n ) + 9.504 · 10
We now compute deg C n and h(C n ).
We can compute the degree of C n as an intersection product. Let ℓ, m be the classes of lines of the two factors of P obtained multiplying the classes of the hypersurfaces cut by the equation x n 1 = y 2 , which is nℓ + m, by the two Weierstrass equations of E, which are 3ℓ and 3m, and by the restriction of an hyperplane of P 8 , which is ℓ + m. In the Chow group (nℓ + m)(3ℓ)(3m)(ℓ + m) = 9(n + 1)(ℓm) 2 and then deg C n = 9(n + 1).
We estimate the height of C n using Zhang's inequality and computing an upper bound for the essential minimum µ(C n ) of C n . To this aim, we construct an infinite set of points on C n of bounded height. By the definition of essential minimum, this gives also an upper bound for µ(C n ).
Let Q ζ = ((x 1 , y 1 ), (ζ, y 2 )) ∈ C n , where ζ ∈ Q is a root of unity. Clearly there exist infinitely many such points on C n . Denoting by h the logarithmic Weil height on Q and using the equations of E and C n , we have:
Thus h(x 1 , y 1 ) ≤ log 3 n + 3 2n , h(ζ, y 2 ) ≤ log 3 2 and from (4)
So for all points Q ζ we have
By the definition of essential minimum, we deduce µ(C n ) ≤ log 3 4n + 3 2n
and by Zhang's inequality h(C n ) ≤ 2 deg C n µ(C n ) ≤ 9(n + 1) log 3 4n+3 n . From formula (18), if P ∈ C n (Q) then (19)ĥ(P ) ≤ 8.253 · 10 38 (n + 1) 3 .
Let us now write P = ([a]g, [b]g), with g = (1, 1) the generator of E(Q). By the definition ofĥ on E
2 (see (7)) and the properties of the Néron-Tate height, we havê
Now, by relations (5), (6) and (x([a]g)) n = y([b]g) because P is on the curve, we have
2ĥ (g) + 6 log 2 + 5n, and therefore 2n 3 + 1 a 2ĥ (g) ≤ĥ(P ) + 2 log 2 + 5 3 n.
Combining this with (19) and the lower bound (17) we obtain |a| ≤ 7.037 · 10 19 (n + 1).
Using again (5) and (6) as before, we get that 2b 2ĥ (g) ≤ 3na 2ĥ (g) + 7 log 2 + 5
and from this and (17) we get |b| ≤ 3na 2 2 + 14 log 2 + 10 1 2 .
Estimates for degrees of maps
The central aim of this section is to produce sharp bounds for the degree of algebraic subgroups of E N . For example, consider the algebraic subgroup of codimension 1 defined by the
The degree of this subgroup is equal to a constant times
To get explicit results we need to compute this constant and, to this purpose, we have to describe the sum of two points and the multiplication by an integer on E and E N in terms of rational maps. We will examine these maps in detail and bound their degrees. These bounds will be used to prove Propositions 3.1 and 3.2, which are the core of our main theorem.
We briefly anticipate here what is needed to prove the above mentioned propositions. We consider an algebraic subgroup H of E N of codimension s. It is defined by s equations
where L i (X 1 , . . . , X N ) = l i1 X 1 + · · · + l iN X N are morphisms from E N to E; here the coefficients are endomorphisms l ij ∈ End(E), and they are expressed by certain rational functions; similarily the + that appears in this expression is the addition map in E N , which is expressed by a rational function of the coordinates. More precisely, if the X i 's are all points on E with affine coordinates (x i , y i ) in P 2 , then L i (X) are also points on E with coordinates in P 2 (x(L i (X)), y(L i (X))) which are rational functions of the x i 's and y i 's.
The purpose of this section is to study the rational functions x(L i (X)) and to bound the sums of the partial degrees (not only the partial degrees) of their numerators and denominators. The reason is that, in the proof of the main theorem, we will need to study the image of the algebraic subgroup H in P 3 N −1 via the Segre embedding, and when studying the effect of the Segre embedding on the functions defining the embedded variety, it is the sum of the partial degrees that comes into play.
To this aim, we proceed in the following way: in Subsection 6.1 we give bounds for the sums of the partial degrees of the product and the sum of quotients of polynomials in several variables. Then, in Subsection 6.2 we estimate the multiplication map on E. In Subsection 6.3, we study the sum of many points on an elliptic curve. Finally, we estimate the sums of the partial degrees of L i (X 1 , . . . , X N ).
All the computations are carried out for linear combinations of points with integral coefficients (which is to say, when E is non CM). In Remark 6.1 we describe how to adapt this to the CM case. 6.1. Estimates for degrees of rational functions. In this short paragraph we recall how to bound the sums of the partial degrees of products and sums of quotients of polynomials in the field of rational functions.
If fi gi are rational functions, with f i , g i polynomials in several variables and coefficients in Z, we denote by d(f i /g i ) the maximum of the sums of the partial degrees of both f i , g i . Then
where d(f /g) is the bound for the sum of partial degrees of the product (in (20)) and of the sum (in (21)) of the f i /g i 's respectively. 6.2. The multiplication by m. Let m be a positive integer and let E be an elliptic curve. The aim of this subsection is to bound the sum of the partial degrees of the rational function giving the multiplication by m on E. If P = (x, y) ∈ E, then by [Sil86] , Ex 3.7, p. 105 we have that
where φ m , ψ m , ω m ∈ Z[A, B, x, y] are certain polynomials defined below. The polynomial ψ m is defined inductively as follows:
and for m ≥ 2
The polynomials φ m and ω m are defined as: We need to find bounds for the degrees of the polynomials ψ m , φ m , ω m .
The following bounds are obtained combining the above definitions in [Sil86] and the expressions for φ m and ψ
Using the above bounds and the formula for the coordinates of [m]P , we see that the sum of the partial degrees of the polynomials φ m , ψ 6.3. Estimates for linear maps. We now look first at the functions giving the sum of two, and then many, points on an elliptic curve. Our aim is to obtain explicit bounds on the sum of the partial degrees of the rational function expressing a linear combination of N points in E. Then we will study equations defining algebraic subgroups of E N , obtained equating to zero linear combinations of N variables with coefficients in End(E). Evaluating the functions at points in E whose coordinates are themselves rational functions, we will bound the sum of partial degrees of these linear combinations, viewed as rational functions in the new coordinates.
6.3.1. Estimates for the addition map. We consider an elliptic curve E embedded in P 2 via its Weierstrass equation.
Let P 1 = (x 1 , y 1 ) and P 2 = (x 2 , y 2 ) be points on E and P 3 = (x 3 , y 3 ) = P 1 ⊕ P 2 be their sum.
If
So x 3 and y 3 are rational functions of the coordinates of P 1 and P 2 , and we now want to control the sum of their partial degrees.
Using (22), if (x 1 , y 1 ) and (x 2 , y 2 ) already have coordinates given by certain other rational functions, whose sums of the partial degrees are bounded respectively by d 1 , d 2 , then the sums of the partial degrees, in the variables of x 1 , y 1 , x 2 , y 2 , of the functions x 3 , y 3 are given by:
If instead x 1 = x 2 and y 1 = y 2 , then setting
we have that
Again applying (20), (21), if P 1 = P 2 have coordinates given by rational functions in certain variables with sums of the partial degrees bounded by d 1 , then x 3 and y 3 are rational functions, in the same variables, with sums of the partial degrees bounded as
If x 1 = x 2 and y 1 = −y 2 , then the two points are opposite and the sum is the zero of the elliptic curve.
Comparing the bounds obtained in the three cases, one checks that in any case
holds. This computation was carried out for the sum of two points. We now iterate it M − 1 times to obtain bounds for the rational function expressing the sum of M points. It follows by induction from (23) that
where d i is a bound for the sum of the partial degrees of the x and y coordinates of the i-th point.
6.3.2. Estimates for group morphisms. Let us consider the morphism L :
where l i ∈ Z and X i = (x i , y i ) is in the i-th factor of E N . Then L(X) is also a point on E with coordinates (x(L(X)), y(L(X))). By the considerations above, these are rational functions in the coordinates (x i , y i ) of all X i 's. We want to combine the results from the previous subsections to bound the sum of the partial degrees of the rational function x(L(X)).
Let us set d(L) = d(x(L(X))) to be the sum of the partial degrees in the numerator and denominator of x(L(X)). Now combining inequality (24) with the bounds from Subsection 6.2 we obtain
Remark 6.1. The content of this section holds analogously when E is CM. In this case End(E) = Z + τ Z for some imaginary quadratic integer τ . For a point P = (x, y) we denote τ (P ) = (x τ , y τ ). Then x τ and y τ are rational functions of x and y and we let d CM (τ ) be the sum of their partial degrees. Writing τ = √ −d for some non-square positive integer d we have
Since every element l i ∈ End(E) can be written as l i = r i + τ s i , where r, s ∈ Z, we can write
and, using the above results, we can effectively compute a bound
corresponding to the bound (25). However we omit here the explicit computations.
Conclusion
In this section we prove Proposition 3.1 (explicit for non CM varieties) and Proposition 3.2 (effective for CM varieties), which are the core of the proofs of our main results. Essentially the propositions state that: if a point P ∈ E N belongs to an algebraic subgroup B then we can construct a translate H + P ⊆ E N of controlled degree and height.
To prove these results, we use the bounds for the height of Subsection 2.2 and for the degree of Section 6. Then we use the geometry of numbers, to construct the algebraic subgroup H.
Before moving on with the main proof, we need a short section in linear algebra.
7.1. A lemma on adjugate matrices. Let A be a n × n matrix with complex coefficients. Let a i ∈ C n be the rows of A.
Definition 7.1. The adjugate matrix of A, denoted A * , is the transpose of the matrix ((−1) i+j det M ij ) ij , where M ij is the (n − 1) × (n − 1) minor obtained from A after deleting the i-th row and the j-th column.
The adjugate matrix has the property that
and its entries are bounded as it follows:
Lemma 7.2. Let A ∈ M n×n (C) be the matrix with rows a 1 , . . . , a n ∈ C n . Then every entry in the i-th column of A * has absolute value bounded by
Proof. Applying Hadamard's inequality to M ij , and denoting by a ′ i ∈ C n−1 the vector obtained from a i after deleting the j-th entry, we have that
The thesis follows multiplying by (−1) i+j and transposing.
7.2. A bound for the height. To estimate the height of H+P we use an argument based on linear algebra, and some bounds on heights from Subsection 2.2.
Let H be a component of the algebraic subgroup defined by the s × N matrix with rows u 1 , . . . , u s ∈ Z N . Let Λ ⊆ R N be the associated lattice, and Λ ⊥ its orthogonal lattice. Let u s+1 , . . . , u N be a basis of Λ ⊥ such that |u s+1 | , . . . , |u N | are the successive minima of Λ ⊥ , as defined in Subsection 2.3. The (N − s) × N matrix with rows u s+1 , . . . , u N defines an algebraic subgroup H ⊥ , and for any point P ∈ E N there are two points P 0 ∈ H, P ⊥ ∈ H ⊥ , unique up to torsion points in H ∩ H ⊥ , such that P = P 0 + P ⊥ . Let U be the N × N matrix with rows u 1 , . . . , u N , and let ∆ be its determinant. Notice that |∆| = det Λ · det Λ ⊥ because Λ and Λ ⊥ are orthogonal.
We remark that u i (P 0 ) = 0 for all i = 1, . . . , s, because P 0 ∈ H, and u i (P ⊥ ) = 0 for all i = s + 1, . . . , N because P ⊥ ∈ H ⊥ . Therefore
. . .
where U * is the adjugate matrix of U from Definition 7.1. Computing canonical heights and applying Lemma 7.2 yields
Recall inequality (12), which gives
where c 3 (E, N ) was defined as c 3 (E, N ) = N (3h W (E) + 6 log 2 + 1 2 log 3).
By [Phi12] we know thatμ (H + P ) =ĥ(P ⊥ ) and therefore, by Zhang's inequality
and by Minkowski's second theorem
Plugging these inequalities in (26) we obtain
So, we have proved the following proposition Proposition 7.3. Let E be a non CM elliptic curve. Let H ⊆ E N be a component of the algebraic subgroup associated with an s×N matrix with rows u 1 , . . . , u s ∈ Z N . Then
where ω n is defined at (13), 7.3. A bound for the degree. Here we use an inductive geometric construction to bound the degree of a translate. We first consider an algebraic subgroup given by a single equation in E N . Then we apply the Segre embedding and see this subgroup as a subvariety of P 3 N −1 . In doing this we must be careful in selecting irreducible components. Finally we apply inductively Bézout's theorem for the case of several equations.
Let U be a matrix in Mat s×N (Z) with rows u 1 , . . . , u s ∈ Z N and let H ⊆ E N be an irreducible component of the algebraic subgroup associated with the matrix U (see Subsection 2.3).
As remarked in the previous section, v(X) = (x(v(X)), y(v(X))) is a point in E and x(v(X)) is a rational function of the x i , y i 's.
Let now P = (P 1 , . . . , P N ) ∈ E N be a point. Take the k-th row u k ∈ Z N of U and consider the equation x(u k (X)) = x(u k (P )) with X = (X 1 , . . . , X N ) ∈ E N as before. Clearing out the denominators the previous equation can be written as
where f u k ,P is a polynomial of degree bounded by d(u k ) (see formula (24)).
This polynomial defines a variety in P N 2 . Applying the Segre embedding, we want to study this variety as a subvariety of P 3 N −1 .
The Segre embedding induces a morphism between the fields of rational functions, whose effect on the polynomials in the variables (x 1 , y 1 , . . . , x N , y N ) is simply to replace any monomial in the variables of P N 2 with another monomial in the new variables, without changing the coefficients; the total degree in the new variables is the sum of the partial degrees in the old ones.
Recall that in Subsection 2.1 we defined X(E, N ) as the image of E N in P 3 N −1 .
Denote by Y ′ k ⊆ P 3 N −1 the zero-set of the polynomial f u k ,P (x 1 , y 1 , . . . , x N , y N ) after embedding P N 2 in P 3 N −1 . Now consider an irreducible component of the translate in E N defined by
and denote by Y k its image in P 3 N −1 . We want to obtain bounds for the degree of the hypersurfaces Y k . Notice that
and it is a component. This is because setting the first coordinate of u k (X) equal to x(u k (P )) defines two cosets, u k (X) = u k (P ) and u k (X) = −u k (P ).
By Bézout's theorem
where the last inequality follows from formula (25) and the definition of c 1 (N ) in Lemma 2.1.
In a similar way, considering all the rows we get
where we recall that, from relation (1), c 1 (N ) = 3 N N !.
Remark 7.4. Clearly the degree of H + P is equal to the degree of H and does not depend on P . Thus we can deduce the value of the constant c 4 (N, r) of Subsection 2.3, formula (14), when the elliptic curve E is non CM; by the previous inequality, we may take 7.4. Geometry of numbers. In this subsection, inspired by the work of Habegger [Hab08] , we give two lemmas based on tools from the geometry of numbers which are used to define H. We have the following version for powers of elliptic curves of Lemma 1 in [Hab08] .
Lemma 7.5. Let 1 ≤ m ≤ N be integers and let P = (P 1 , . . . , P N ) ∈ B ⊆ E N , where B is a torsion variety of dimension ≤ m and E is non CM.
There exist linear forms L 1 , . . . , L m ∈ R[X 1 , . . . , X N ] such that |L j | ≤ 1 ∀j, where |L j | is the euclidean norm of the vector of the coefficients of L j , and Proof. The points P i lie in a finitely generated subgroup of E of rank at most m.
By [Via03] , Lemma 3, there are elements g 1 , . . . , g m ∈ E, and torsion points ζ 1 , . . . , ζ N ∈ E, such that Notice that we can assume A > 0, otherwise the point P would be a torsion point, and the thesis of the lemma would be trivially true. Notice also that |L j | ≤ 1. With these definitions, for every t ∈ Z N we have that (g j0 ) ≤ĥ(P i0 ) ≤ĥ(P ).
Combining this with inequality (29), we get the thesis of the lemma.
We now recall the following lemma of Habegger ([Hab08] , Lemma 3), obtained applying Minkowski's second theorem. Proof of Proposition 3.2. If the elliptic curve is CM, one can still apply the arguments of Section 7. More precisely, the geometric arguments of Subsection 7.3 do not depend on E having CM, one only needs to replace the application of formula (25) with the corresponding bound for the CM case, as discussed in Remark 6.1. The argument of Subsection 7.2 assumes that End(E) = Z because it uses the formulae from Subsection 2.3, which are straightforward consequences of the second Minkowski's theorem, here stated in the classical form for a lattice in R N . Analogous inequalities may be derived, when End(E) is an order in an imaginary quadratic number field, from more general reformulations of Minkowski's theorem, such as Theorem 3 of [BV83] . The linear algebra used in Subsection 7.2 remains the same if the entries of the matrix lie in C instead of R.
Of the two lemmas in Subsection 7.4, Lemma 7.6 holds regardless of whether E is CM, while in Lemma 7.5 it is necessary to replace [Via03] , Lemma 3 with the Proposition 2 of [Via03] . This proves Proposition 3.2.
